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Abstract
We apply the algebraic method to the Bateman Hamiltonian and ob-
tain its natural frequencies and ladder operators from the adjoint or reg-
ular matrix representation of that operator. Present analysis shows that
the eigenfunctions compatible with the complex eigenvalues obtained ear-
lier by other authors are not square integrable. In addition to this, the
ladder operators annihilate an infinite number of such eigenfunctions.
1 Introduction
There has recently been a controversy about the eigenvectors and eigenvalues of
the Bateman Hamiltonian [1, 2]. On one side, Deguchi et al [3, 4] discussed two
quantization approaches for the Bateman Hamiltonian based on ladder opera-
tors, on the other, Bagarello et al [5,6] argued that there is no square integrable
vacuum for the natural ladder operators.
The purpose of this paper is the study of the problem by means of the
algebraic method [7] that has proved suitable for the treatment of a variety of
quadratic Hamiltonian operators [8–13].
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In section 2 we briefly discuss the model and derive a simpler dimensionless
version of the Hamiltonian operator. In section 3 we outline the main ideas
about the algebraic method. Finally, in section 4 we apply this approach to the
Bateman Hamiltonian, show results and draw conclusions.
2 The model
The Hamiltonian operator for the so called Bateman oscillator model is [3–6]
H =
1
2m
(
p21 − p
2
2
)
+
mω2
2
(
x21 − x
2
2
)
−
γ
2m
(x1p2 + x2p1) , (1)
where m, γ, ω2 > 0 and [xj , pk] = ih¯δjk.
It is convenient to transform the Hamiltonian operator (1) into a dimension-
less one. To this end we define the new variables (x1, x2, p1, p2)→
(
αx, αy, h¯α−1px, h¯α
−1py
)
,
so that [u, pv] = iδuv, u, v = x, y. On choosing α
2 = h¯/(mω) we are left with
the one-parameter Hamiltonian
Hd =
H
h¯ω
=
1
2
(
p2x − p
2
y
)
+
1
2
(
x2 − y2
)
−
b
2
(xpy + ypx) , (2)
where b = γ/(mω). It is worth noticing that [Hd, H0] = [Hd, H1] = [H0, H1] =
0, where H0 = Hd(b = 0) and H1 = H −H0.
The operator (2) satisfies
〈f |Hd |g〉 =
∫ ∞
−∞
∫ ∞
−∞
f(x, y)∗Hdg(x, y)dxdy =
∫ ∞
−∞
∫ ∞
−∞
[Hdf(x, y)]
∗
g(x, y)dxdy = 〈Hdf | g〉 ,
(3)
for every pair of square-integrable functions f(x, y) and g(x, y). Therefore, from
now on we use the standard quantum-mechanical Hermitian notation H†d = Hd.
3 The algebraic method
In this section we outline the algebraic method discussed in previous papers
[8–13]. The model discussed in section 2 is a particular case of a quadratic
Hamiltonian of the form
H =
2K∑
i=1
2K∑
j=1
γijOiOj , (4)
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where {O1, O2, . . . , O2K} = {x1, x2, . . . , xK , p1, p2, . . . , pK}, [xm, pn] = iδmn,
and [xm, xn] = [pm, pn] = 0. Here we restrict ourselves to operators that satisfy
H† = H but the approach applies also to other cases as well [10]. The algebraic
method is particularly useful for the analysis of the spectrum of H because it
satisfies the commutation relations
[H,Oi] =
2K∑
j=1
HjiOj . (5)
For this reason it is possible to obtain an operator of the form
Z =
2K∑
i=1
ciOi, (6)
such that
[H,Z] = λZ. (7)
The operator Z is important for our purposes because if H |ψ〉 = E |ψ〉 then
HZ |ψ〉 = (E + λ)Z |ψ〉 . (8)
It follows from equations (5), (6) and (7) that
(H− λI)C = 0, (9)
where H is a 2K × 2K matrix with elements Hij , I is the 2K × 2K identity
matrix and C is a 2K× 1 column matrix with elements ci. There are nontrivial
solutions only for those values of λ that are roots of the characteristic polynomial
p(λ) = det(H − λI). H is called the adjoint or regular matrix representation
of H in the operator basis set {O1, O2, . . . , O2K} [7]. This matrix is closely
related to the fundamental matrix that proved to be useful in determining the
conditions under which a PT-symmetric elliptic quadratic differential operator
with real spectrum is similar to a self-adjoint operator [14].
In the case of an Hermitian operator we expect all the roots λi, i = 1, 2, . . . , 2K
of the characteristic polynomial p(λ) to be real. These roots are obviously the
natural frequencies of the quantum-mechanical system (the actual quantum-
mechanical frequencies being linear combinations of them). However, in the
3
present case we do not assume this condition. Therefore, it follows from equa-
tion (7) that
[H,Z†] = −λ∗Z†, (10)
where Z† is a linear combination like (6) with coefficients c∗i . This equation
tells us that if λ is a real root of p(λ) = 0, then −λ∗ is also a root. Obviously,
Z and Z† look like a pair of annihilation-creation or ladder operators because,
in addition to (8), we also have
HZ† |ψ〉 = (E − λ∗)Z† |ψ〉 . (11)
If A is a quadratic Hermitian operator that satisfies
[H,A] = 0,
[A,Oi] =
2K∑
j=1
AjiOj , (12)
then it follows from the Jacobi identity
[H, [A,Oi]] + [Oi, [H,A]] + [A, [Oi, H ]] , (13)
that
HA−AH = 0, (14)
where A is the adjoint matrix representation of A.
4 Results and discussion
The eigenvalues of the matrix representation H of Hd
H =
i
2


0 b 2 0
b 0 0 −2
−2 0 0 −b
0 2 −b 0


, (15)
are
λ1 = −1− i
b
2
, λ2 = −1 + i
b
2
, λ3 = 1− i
b
2
, λ4 = 1 + i
b
2
, (16)
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with the associated ladder operators
Z1 = x− y + i (px + py) ,
Z2 = x+ y + i (px − py) ,
Z3 = Z
†
1 ,
Z4 = Z
†
2 . (17)
The only nonzero commutators are [Z1, Z4] = [Z2, Z3] = 4. Every one of these
ladder operators looks like the sum of a creation operator for one vibrational
mode and an annihilation operator for the other which casts doubts on the
existence of a square integrable vacuum.
In the present case the adjoint matrix representations H and H1 of the
operators Hd and H1, respectively, commute in accordance to equation (14).
It is clear that the eigenvalues of H are complex. Therefore, if H |ψ〉 =
E |ψ〉 then it follows from 〈ψ|H |ψ〉 = 〈Hψ| ψ〉 that (E − E∗) 〈ψ| ψ〉 = 0 and,
consequently, 〈ψ| ψ〉 = 0. That is to say: the Hamiltonian operator (2) does not
have square-integrable eigenfunctions with the scalar product shown in equation
(3).
The function
ψ0(x, y) = e
−x2/2+y2/2, (18)
satisfies Z1ψ0 = Z2ψ0 = 0 and Hψ0 = ψ0. Besides,
HZ3ψ0 =
(
2− i
b
2
)
Z3ψ0, Z3ψ0 = 2 (x− y)ψ0,
HZ4ψ0 =
(
2 + i
b
2
)
Z4ψ0, Z4ψ0 = 2 (x+ y)ψ0,
HZ3Z4ψ0 = 3Z3Z4ψ0, Z3Z4ψ0 = Z4Z3ψ0 = 4
(
x2 − y2 − 1
)
ψ0, (19)
in agreement with the general results of section 3. A curious result is that
Z1Z
n
3 ψ0 = 0 and Z2Z
n
4 ψ0 = 0 that follow from [Z1, Z3] = 0 and [Z2, Z4] = 0,
respectively. In this case we obtain the eigenvalues of Deguchi et al [3, 4]:
Hψ(0)nm = E
(0)
nmψ
(0)
nm, ψ
(0)
nm = Z
n
3 Z
m
4 ψ0,
E(0)nm = n+m+ 1 + (m− n)i
b
2
, n,m = 0, 1, . . . . (20)
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On the other hand, the function
ψ1(x, y) = e
x2/2−y2/2, (21)
satisfies Z3ψ1 = Z4ψ1 = 0 and Hψ1 = −ψ1. We also have,
HZ1ψ1 =
(
−2− i
b
2
)
Z1ψ1, Z1ψ1 = 2 (x− y)ψ1,
HZ2ψ1 =
(
−2 + i
b
2
)
Z2ψ1, Z2ψ1 = 2 (x+ y)ψ1,
HZ1Z2ψ1 = −3Z1Z2ψ1, Z1Z2ψ1 = Z2Z1ψ1 = 4
(
x2 − y2 + 1
)
ψ1, (22)
also in agreement with the general results of section 3. In this case we have
Z3Z
n
1 ψ1 = 0 and Z4Z
n
2 ψ1 = 0 for the same reason given above. The eigenvalues
are quite different from those shown above
Hψ(1)nm = E
(1)
nmψ
(1)
nm, ψ
(1)
nm = Z
n
3 Z
m
4 ψ1,
E(1)nm = −(n+m+ 1) + (m− n)i
b
2
, n,m = 0, 1, . . . . (23)
Notice that the eigenvalues derived by means of the algebraic method and
non square-integrable eigenfunctions yield those obtained by Deguchi et al [3,
4] but not exactly those of Feshbach and Tikochinski [2]. Present algebraic
method also reveals the difficulty in obtaining a suitable vacuum state as argued
by Bagarello et al [5, 6]. Not only the eigenfunctions obtained are not square
integrable but the operators Zj annihilate an infinite number of such functions.
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